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Abstract. Four-dimensional variational data assimilation (4DVAR) is a cornerstone of numeri-
cal weather prediction, yet it remains computationally intensive and sensitive to initialization due to
the non-convexity of its objective function. We propose a neural field-based reformulation of 4ADVAR
in which the spatiotemporal state is represented as a continuous function parameterized by a neural
network. We demonstrate that optimizing in parameter space leverages the spectral bias of neural
fields, acting as an implicit regularizer that stabilizes state estimation and suppresses spurious high-
frequency oscillations without requiring explicit background error covariance information. Further-
more, by parameterizing the full spatiotemporal trajectory, our framework enables parallel-in-time
optimization and incorporates physical constraints directly through physics-informed losses. Evalua-
tions on chaotic benchmarks, including 2D Kolmogorov flow and 3D Taylor-Green vortices, show that
neural reparameterization produces more accurate initial conditions than classical 4DVAR. When
combined with separable neural architectures (SPINNs), the method achieves substantial speedups.
Unlike many machine learning approaches, this framework requires no ground-truth training data,
offering a robust and scalable alternative for operational data assimilation.
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1. Introduction. Numerical weather prediction (NWP) has been a critical sci-
entific and societal capability since Richardson’s early vision of rational forecast-
ing [43]. Modern NWP systems integrate high-dimensional dynamical models with
heterogeneous and incomplete observations to estimate the evolving atmospheric state.
Because the governing equations are chaotic [40], even small errors in the initial
condition can amplify rapidly, making accurate state estimation indispensable for
reliable forecasts. Data assimilation addresses this challenge by systematically com-
bining model dynamics with observational information. Among many existing ap-
proaches [19, 26, 38|, the four-dimensional variational method (4DVAR) [35, 48] re-
mains a cornerstone of operational NWP systems. Classical 4DVAR incorporates a
background state, observational data, and a dynamical model to infer an optimal ini-
tial condition. Despite its success, however, 4DVAR faces limitations that constrain
both accuracy and scalability when naively implemented, as we revisit in section 4.

From a mathematical perspective, 4DVAR is a partial differential equation (PDE)-
constrained optimization problem. While the computational cost of repeatedly solving
the governing PDE is a well-known bottleneck, an equally important challenge arises
from nonlinearity. For nonlinear PDEs, the resulting objective function is highly non-
convex and may admit multiple local minima with comparable cost values. Some of
these solutions can satisfy the optimization objective yet remain physically implau-
sible. Consequently, convergence behavior and solution quality depend critically on
initialization strategies and regularization mechanisms.

Recent studies have reported an intriguing phenomenon in PDE-constrained op-
timization: when the solution is parameterized by a neural network, and optimization
is performed in the parameter space, the resulting solutions tend to be simpler than
those obtained by classical discretization-based approaches. In particular, Hoyer et
al. [24] and Lu et al. [42] observed that neural parameterizations often favor smoother
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and simpler solutions. This behavior is commonly attributed to the spectral bias
of neural networks [49], whereby low-frequency components are learned preferentially,
and high-frequency components are captured later during training. In this sense, spec-
tral bias acts as an implicit regularizer that guides the optimization toward simpler
solutions.

In this work, we investigate how such implicit regularization manifests in the con-
text of ADVAR. We study two benchmark problems — a two-dimensional Kolmogorov
flow and a three-dimensional Taylor—Green vortex — to systematically compare clas-
sical formulations with neural reparameterization strategies. In the two-dimensional
setting, we show that neural parameterization can recover accurate initial conditions
without explicit background error covariance information. Building on the accuracy
obtained through implicit regularization, we further consider enforcing physical con-
straints via physics-informed loss functions [28], thereby avoiding repeated time inte-
gration of the governing equations. When combined with efficient neural field archi-
tectures, this physics-informed approach yields competitive accuracy and substantial
improvements in computational efficiency, particularly in the three-dimensional set-
ting.

We close this section with a brief overview of related work. A growing body of
literature explores machine learning-based approaches to data assimilation. Notable
examples include learned inverse observation operators for 4ADVAR [20] and diffusion-
based methods [52, 25]. Ensemble-free neural filters have also been proposed [5, 47].
Several recent studies introduce latent-space data assimilation frameworks to reduce
computational cost [37, 57]. However, these approaches typically assume access to
ground-truth states or high-quality reanalysis datasets such as ERA5 [23], which limits
direct comparison with our setting, where such information is unavailable. Bao et
al. [3] proposed a related score-based filtering approach that relies solely on historical
observations, whereas 4DVAR assimilates observations over a future time window. Du
et al. [16] compared classical 4ADVAR with physics-informed neural networks (PINNs);
while closely related, their work does not address the regularizing effects of neural
reparameterization, which constitute a central theme of this study.

The remainder of this paper is organized as follows. In section 2, we review the
classical 4DVAR formulation, neural fields, and physics-informed neural networks.
Section 3 describes the experimental setup for studying neural reparameterizations
of 4ADVAR. In section 4, we analyze the regularizing effects of neural parameteri-
zation. Parallel-in-time formulations, including weak-constraint 4DVAR and PINN-
based methods, are examined in section 5. Section 6 presents comprehensive numer-
ical results for the two-dimensional Kolmogorov flow at higher resolution and the
three-dimensional Taylor—-Green vortex. Finally, section 7 concludes the paper.

2. Background. This section introduces the notation, dynamical model, and
classical 4DVAR framework used throughout the paper. We also review neural fields
and physics-informed neural networks, which will serve as alternative representations
of states and trajectories in later sections.

2.1. Dynamical model and observations. We consider a physical system
governed by a time-dependent partial differential equation

(2.1a) % = F(u), (t,z) € (0,T) x Q,

(2.1b) u(0, ) = up(x), x €,
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where Q C R? is an open and bounded spatial domain, u : [0,7] x @ — R% denotes
the state variables (e.g., velocity or temperature fields), and F is a (possibly nonlinear)
differential operator encoding the system dynamics.

Observations are modeled as

(2.2) yr = H(ug) + e,

where H is an observation operator, u; = u(tg,-) is the state at time ¢, and e
represents measurement noise.

In practice, (2.1) is discretized in space and integrated forward in time to yield a
discrete state-space model. When no ambiguity arises, we use the same notation u to
denote both continuous and discretized states.

2.2. Four-dimensional variational assimilation. The classical 4DVAR esti-
mates an optimal initial condition by minimizing the objective

K

(2.3) J(uo) = uo — upl + D I1H (ur) — yull%,
k=1

where u;, is a background (prior) state, and B and Ry denote the background and
observation error covariance matrices, respectively. Here, each uj is obtained by
numerically integrating (2.1a) forward in time from ug. For any symmetric positive
definite matrix A, the Mahalanobis norm is defined as

||u|\?4 =u' A" .

The first term in (2.3) penalizes deviations from the background state, while the
second term penalizes mismatches between the model trajectory and observations
over the assimilation window. The minimizer uf is typically computed using iterative
gradient-based optimization, which requires repeated evaluations of the forward and
adjoint models [18].

2.3. Neural fields. To explore alternative parameterizations of states and tra-
jectories, we employ neural fields — coordinate-based neural networks that represent
functions as continuous mappings

z— ul (),

where 6 denotes the network parameters. Neural fields have been successfully applied
in graphics and scientific computing to represent signals implicitly and at arbitrary
resolution [54, 44, 36]. Their mesh-free nature and ability to evaluate solutions at
arbitrary spatial locations make them particularly well suited for data assimilation
problems with sparse, irregular, or multiscale observations.

2.4. Physics-informed neural networks. An alternative way to impose phys-
ical constraints is through physics-informed neural networks (PINNs). PINNs approx-
imate the solution u to (2.1) by a neural field v’ and determine the parameters 6 by
minimizing

L(0) = /
0, T)xQ2

where A > 0 balances the PDE residual and enforcement of the initial condition. In
practice, the integrals are approximated using Monte Carlo sampling, and automatic

2

6
9u’(t,z) dtd:c+)\/ [u?(0,2) — o ()| da,
Q

S ) k)
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differentiation is employed to compute residuals and gradients. The PINN framework
was originally proposed in [34] and later popularized by [50] as a general approach for
solving PDE-constrained inverse problems.

In subsequent sections, we use neural fields to parameterize either (i) the initial
condition or (ii) the full spatiotemporal state. This perspective allows us to examine
how different representations affect the optimization landscape and computational
properties of 4DVAR.

3. Experimental setup. This section describes the dynamical system, numer-
ical discretization, and data generation procedure used throughout our experiments.
Our goal is to investigate the effect of neural parameterization on the performance of
4DVAR using a well-established chaotic benchmark.

3.1. Kolmogorov flow. We consider the two-dimensional incompressible Navier—ii
Stokes equations with Kolmogorov forcing [6, 10], a widely used testbed for studying
chaotic and turbulent flows. Following the setup of [20], the governing equations in
velocity form are

Ou

1
(3.1a) YT (u-V)u+ ;Vp: vV 4 f,

(3.1b) V-u=0,

for (t,x,y) € (0,T) x [0,27)?, where the density is p = 1, the viscosity is v = 1072,
and periodic boundary conditions are imposed. The forcing is given by

(3.2) f(x,y) = —0.1u +sin(4y) %,

with % = [1,0] . The incompressibility constraint (3.1b) allows reformulation in terms
of the vorticity w = V x u. Taking the curl of (3.1a) yields

0
(3.3) a—c; + (u-V)w = vV —0.1w — 4cos(4y).
A detailed derivation is provided in Appendix G.
We solve (3.3) using a Fourier collocation method with a resolution 642 for spatial
discretization and an implicit—explicit (IMEX) scheme for time integration with a step
size 1073, Additional implementation details are given in Appendix B.1.

3.2. Benchmark initial condition. To construct a representative ground-truthfi
initial state, we follow the protocol of [20]. Specifically, we sample a divergence-free
random velocity field, apply spectral filtering with a peak wavenumber of 4, and scale
the field so that the maximum velocity magnitude is approximately 7. The resulting
field is then integrated forward to ¢ = 10 using the vorticity solver described above.
The velocity field at ¢ = 10 is taken as the ground-truth initial condition for all
experiments.

3.3. Observation model and sparsity. Synthetic observations are generated
by integrating the system from the ground-truth initial condition up to time ¢t = 0.5
and recording velocity snapshots at

t € {0,0.05,...,0.5}.

Although the vorticity equation (3.3) is solved numerically, data assimilation is per-
formed on the velocity field.
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To control observation sparsity, we apply a uniform subsampling operator. For
a sparsity level of k2, we retain indices {kn+1:n € Z>¢} along both spatial direc-
tions. This procedure yields regularly spaced pointwise observations that are consis-
tent across experiments.

Figure 1 summarizes the data generation process. Panel (A) shows the ground-
truth initial vorticity field, with yellow markers indicating the spatial locations at
which observations are collected. Panel (B) displays the corresponding sparse ob-
servations obtained by applying the subsampling operator H. Panel (C) presents an
interpolated reconstruction of the sparse observations, which we use as an initial guess
for subsequent 4DVAR-based methods.

A ground truth observation interpolation

]

Fig. 1: Tlustration of the data generation process: (A) ground-truth initial vorticity
field with yellow markers indicating observation locations; (B) sparse observations
produced by applying the subsampling operator; and (C) interpolated vorticity field
reconstructed from the sparse measurements, used as an initial guess for 4DVAR.

3.4. Simplified 4DVAR objective. To isolate the effect of state representation
and avoid interactions with prior information, we consider a simplified 4DVAR cost
function

(34) vanllla UO Z ||H uk yk“Q’

which omits the background term ||ug — u||% present in the classical formulation. In
operational data assimilation, the background state uy is typically a short-term fore-
cast from the previous analysis cycle and plays an important regularizing role. Here,
however, our objective is to compare different representations of the control variable
(e.g., discretized states versus neural fields) under otherwise identical conditions. We
therefore omit the background term and interpret (3.4) as a pure data-fitting objective
constrained solely by the governing dynamics.

Throughout the remainder of this paper, we refer to the method that estimates
the initial condition by minimizing (3.4) as vanilla-4DVAR.

4. Parameterizing the initial state with neural fields. Our first strategy
represents the initial condition ug(x) by a neural field u§(x) with trainable parameters
6. Under this reparameterization, the simplified 4DVAR objective (3.4) becomes

(41) Jneural(a) = Jvanilla(ug)a
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and the optimization is performed directly in parameter space. We refer to this
formulation as neural-4DVAR.

This change of variables replaces the high-dimensional state vector ug with the
network parameters ¢, which can substantially alter the geometry of the optimiza-
tion landscape. Although no theoretical guarantees exist that parameter-space opti-
mization is inherently easier, empirical evidence from related settings suggests that
neural reparameterization can improve convergence robustness and reconstruction
quality [24, 33]. The primary trade-off is a modest increase in per-iteration cost due
to evaluating the neural field.

4.1. Effect of neural reparameterization. We first examine the impact of
neural reparameterization by comparing the classical objective Jyanina with its neu-
ral counterpart Jyeural- While both objectives measure the same observation misfit,
they are optimized over different spaces: Jyanina Operates on the discretized state ug,
whereas Jpeural Operates on the network parameters 6.

The resulting behaviors are summarized in Figure 2. Panel (A) shows that both
formulations successfully reduce the observation misfit during optimization. However,
panel (B) reveals a crucial difference: vanilla-4DVAR reduces the misfit without im-
proving the accuracy of the reconstructed initial condition, whereas neural-4DVAR
consistently reduces both the misfit and the relative L' error.

To further understand this behavior, we examine the energy spectra of the es-
timated initial conditions. Panel (C) compares the spectra of the assimilated and
ground-truth velocities. During vanilla-4DVAR, high-wavenumber energy grows rapidly,li
producing the small-scale artifacts visible in Figure 3. In contrast, neural-4DVAR
maintains a stable spectrum throughout optimization. This behavior reflects the
spectral bias of neural fields [49]: low-frequency components are learned preferentially,
while high-frequency modes are incorporated more gradually. While spectral bias is
frequently cited as a bottleneck in high-resolution reconstruction, it acts as a potent
implicit regularizer within the data assimilation framework. By naturally attenuating
spurious high-frequency modes, this bias stabilizes the optimization trajectory and
prevents the model from fitting non-physical noise. A quantitative comparison be-
tween this neural inductive bias and explicit Fourier mode truncation is detailed in
Appendix E.

A

Cost, J

B

—ground truth = -vanilla -+

neural

L' error

10‘1’-:
1071
10244
10734 v

1074 %

107"
1() 6

0.0 ] 3
10%04%

10 0.2 ]

107049 %

10 0.6 ]

0

500 1000

0

500 1000

=
= -0

C

Iteration 0

Iteration 10°

107°4 F

107154

-

0 10 20 30 40 50 60

0 10 20 30 40 50 60

Fig. 2: Comparison of vanilla-4DVAR, and neural-4DVAR. (A) Cost decay during
optimization. (B) Relative L' error between assimilated and ground-truth initial
conditions. (C) Energy spectra at iteration 0 and 103.

4.2. Neural reparameterization and the control variable transform. The
stabilizing effect of neural reparameterization resembles that of the classical control
variable transform (CVT), which regularizes 4DVAR through the background error
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Fig. 3: Estimated initial conditions at iterations 0, 100, and 1000.

covariance matrix B [1]. CVT introduces the transformed variable
¢=B"%,

where B~1/2 = A=1/2QT corresponds to the eigendecomposition B = QAQ . The
coefficients ¢ represent orthogonal modes scaled by 1/4/\;, yielding balanced variables
with comparable magnitudes. Observation misfits are evaluated by reconstructing

u= B2 = QA
which leads to the transformed objective

Jovr(€) = Juanilla (QAY2€).

To assess the analogy between CVT and neural reparameterization, we estimate
the background error covariance B from N independently generated initial conditions
following the protocol described in subsection 3.2. The empirical covariance is com-
puted, and eigenvalues below 106 are truncated to ensure positive semidefiniteness.

As shown in Table 1, CVT substantially improves over vanilla-4DVAR, under-
scoring the importance of regularization in 4DVAR optimization. However, CVT
performance depends sensitively on the quality of the covariance estimate. With only
10% ensemble members, the assimilation error remains large (6.83 x 10~!), whereas
increasing the ensemble to 10% yields a significant improvement (3.92 x 107!). Inter-
estingly, further increasing the ensemble to 10* degrades performance (5.07 x 10~1),
highlighting the delicacy of empirical covariance estimation and the sensitivity of CVT
to sampling variability.

In principle, sampling error decays at a rate O(N~'/2), implying that accurate
covariance estimation requires very large ensembles — often impractical when each
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method ‘ time cost error

vanilla 325 3.41E-5 1.94E0
CVT (10%) | 324 5.22E-2 6.83E-1
CVT (10%) | 309 1.03E-3 3.92E-1
CVT (10%) | 310 9.55E-4 5.07E-1
neural 309 9.96E-5 2.73E-1

Table 1: Comparison of vanilla-4DVAR, CVT-4DVAR, and neural-4DVAR (time,
cost, and final error). Numbers in parentheses denote ensemble size used to estimate
B.

forward model evaluation is costly. Standard remedies such as covariance inflation and
localization can mitigate sampling error but require substantial tuning [12]. Moreover,
in operational settings the background error covariance B cannot be formed explicitly:
for a discretized state u € R2*64%64 the matrix B € R3192X8192 jlready requires
approximately 512 MB of storage, while real-world NWP systems involve more than
millions of degrees of freedom. As a result, practical systems rely on approximate
covariance models rather than explicit matrices [2].

In this context, it is notable that neural-4DVAR achieves competitive — and in this
experiment, superior — accuracy without access to any background error covariance
information.'

5. Parameterizing the full state with neural fields. While initial-condition
parameterization improves stability, it does not leverage the full expressive power of
neural fields. We therefore consider parameterizing the entire spatiotemporal field.

Our second strategy parameterizes the full spatiotemporal field wu(t,z) with a
neural field u?(t,z) defined for all (¢,2) € [0,T] x Q. This representation enables
assimilation in function space rather than through discrete time stepping. To enforce
physical constraint, we consider two complementary approaches: a weak-constraint
4DVAR formulation [46] and a physics-informed neural network formulation [50]; see
subsection 5.1 and subsection 5.2.

5.1. Weak-constraint 4DVAR. The weak-constraint formulation extends the
vanilla cost (3.4) by relaxing the assumption that the model (2.1a) is perfect [46].
The resulting objective takes the form

K K-1
(5'1) Jweak—vanilla(um cee ,UK) = Z Hyk - I’I(’U/k)H2 + Z Huk+1 - dkHHQ,
k=0 k=0

physics constraint

where 441 denotes the forecast obtained by advancing wj through the numerical
model. The second term penalizes deviations from model dynamics and thus incor-
porates physical constraints directly into the assimilation process.

As done in section 4, we also consider a neural reparameterization and control
variable transform using background error covariance. First, we consider the neural
reparameterization in which the entire spatiotemporal field is represented by a single

LA systematic comparison with operational covariance models is an important direction for future
work, but lies beyond the scope of this study.
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neural field 9 (¢, z). Evaluating u? at discrete times and spatial grids yields the states
{uf}E ), leading to

chak—ncural(e) - chak—vanilla (Ug; e aug() .

Second, we also apply the CVT to balance scales across state variables. Let (; =
A~Y2Q Ty, where B = QAQ" denotes the background error covariance. The weak-
constraint cost in CVT coordinates becomes

Jweak-cvT(Cos - - -5 CK) = Jweak—vanilla(QAl/QCOa c QAl/QCK)-

As shown in section 4, these approaches may regularize the optimization process,
thereby enhancing the stability over the vanilla counterpart.

Although originally introduced to model uncertainty, weak-constraint 4DVAR
admits a parallel-in-time structure — the dynamical consistency terms couple only
adjacent time slices. This feature suggests the potential for substantial speedups in
practice.

5.2. PINN-4DVAR. In contrast to weak-constraint 4DVAR, which enforces
dynamics at discrete times, the PINN framework imposes the governing equations
continuously over space—time. We consider the following physics-informed loss func-
tion

ouw? 2
( + - V) —vAW’ — f) dtdx

(5.2) Lomn(6) = / -

(0,T)xQ

(53) + )\divergence/ (V : u9)2 dtdx,
(0,T)xQ

where we directly parameterize the velocity field with a neural field and then com-
pute the vorticity w? via automatic differentiation.? Because the incompressibility
constraint V - u = 0 is not automatically enforced, we add a divergence-penalty term
weighted by Adivergence = 5 X 10% following [11]. To enforce the periodic boundary
condition, we adopt a positional encoding strategy [44]

& (1, cos(8),sin(§), . .., cos(kf), sin(kE))

for the spatial coordinate x and y, separately.
To assimilate observations, we augment this with an observation misfit:
X 2
(5.4) Jpinn(0) = Lpinn(0) + Adata Z |H (uf) — yx|
k=0

?

where Aqata balances physics and data fidelity. Minimizing (5.4) defines the PINN-
4DVAR method. Appendix D.2 provides more details on the physics-informed formu-
lation.

For completeness, Figure 4 summarizes the workflows of vanilla-, neural-, and
PINN-4DVAR.

20ther parameterizations are possible. For example, [51] imposes incompressibility by construc-
tion; parameterizing vorticity would require solving a Poisson equation on a grid, and parameterizing
the streamfunction introduces higher-order derivatives — both of which compromise the mesh-free na-
ture of neural fields.
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Remark 5.1. Despite their generality, PINNs are known to suffer from training
stiffness [32], temporal causality violations [55], or slow convergence [56]. Interestingly,
in the data assimilation setting, these issues are mitigated: observational constraints
stabilize training and reduce causality violations, helping PINNs remain effective even
for chaotic dynamics.

Separable physics-informed neural networks. A standard choice for u’ is a
multi-layer perceptron (MLP). However, MLP-based PINNs often become slow when
high-order derivatives are required. To address this, we adopt separable physics-
informed neural networks (SPINNs), which exploit low-rank tensor-product structure
on regular grids [11]. For a function u : R? — R, SPINNs approximate

R d
uspINN(T1, -, a3 01, 0a) = > [ [ MLP (3 6:),
r=1i=1

where each MLP, : R — R produces the r-th component. The separable structure
reduces evaluation on tensor grids from O(]], N;) operations to O(3_, N;), giving
substantial speedups in high resolution. We refer the reader to Appendix D.1 for
hyperparameters.

5.3. Parallel-in-time efficiency. Having introduced the full-state parameteri-
zation strategies — weak-neural, PINN (MLP), and PINN (SPINN) — we now compare
their computational efficiency. Both weak-constraint and PINN-based formulations
admit parallel-in-time optimization. Observation misfits can be evaluated indepen-
dently across time levels, and the neural representation decouples optimization from
end-to-end sequential time stepping. This stands in sharp contrast to classical strong-
constraint 4DVAR, which requires serial forward and adjoint integrations over the
entire assimilation window. Empirical runtime comparisons are reported in Table 2.

HH( = ) - ”H("” = ) - ”H("H) — || + Lemn
(a) vanilla-4dDVAR (b) neural-4DVAR (c) PINN-4DVAR

Fig. 4: Schematics of three 4DVAR cost functions. (a) vanilla-4DVAR estimates the
initial condition by minimizing observation misfits. (b) neural-4dDVAR reparameter-
izes the initial condition with a neural network. (c¢) PINN-4DVAR parameterizes the
full spatiotemporal state u’(¢, ) and enforces governing dynamics through a physics-
informed loss LpinN.

Overall, the weak-constraint variants (weak-vanilla, weak-CVT, and weak-neural)
achieve approximately an 8 x speedup relative to the classical CVT baseline, primarily
due to the parallel-in-time structure inherent in weak-constraint 4DVAR (5.1). The
PINN formulation based on a standard MLP obtains a more modest 2x speedup;
however, its relatively high final cost suggests difficulty in simultaneously minimizing
the physics-informed term Lpiny and the observation misfit. Additional optimization
steps would likely improve accuracy, but at the expense of runtime. This limited
speedup reflects the computational overhead associated with evaluating PDE residuals
via automatic differentiation. By contrast, incorporating the SPINN architecture
dramatically reduces the computational burden — the total runtime drops to only 4
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method iterations ‘ time cost error

CVT (10%) 108 | 309 1.03E-3 3.92E-1
weak-vanilla 103 35 1.07E-7  1.46E0
weak-CVT (103) 103 36 1.10E-5 5.65E-1
weak-neural 103 35 3.66E-5 3.31E-1
PINN (MLP) 103 148 1.12E-2 5.80E-1
PINN (SPINN) 103 4 1.77E-4 4.43E-1
PINN (SPINN) 104 32 1.62E-5 3.86E-1

Table 2: Comparison of full-state parameterization methods. The table reports wall-
clock time (seconds), final objective value, and the relative L' error of the recovered
initial condition. Weak-constraint formulations and PINN-based variants are sub-
stantially faster than classical CVT-based 4DVAR, with SPINN-4DVAR achieving
the lowest runtime and competitive accuracy.

seconds (a 77x speedup), while maintaining accuracy comparable to the other full-
state parameterization methods. After increasing the total number of iterations to
104, the error was decreased by 13%.

5.4. Sensitivity of weak-constraint formulations. A notable observation is
that the performance of CVT degrades when transitioning from the classical to the
weak-constraint formulation: the assimilation error increases from 3.92 x 10! to
5.65 x 107!, A plausible explanation lies in the treatment of the background error
covariance. As discussed in [1, Section 3.5], the background error covariance should
ideally evolve under the dynamical model to remain consistent with the evolving
state.?

More precisely, if up ~ P and M : ug — upy1 denotes the forward map, then

Uk+1 ~~ M*(P)v

where M, denotes pushforward. For example, if ug ~ N(u,B) and M = M is
linear. Then u; ~ N(Mu, MBMT). In our weak-constraint experiments, however,
the same static covariance is reused across all sub-windows. This mismatch between
the evolving state and a fixed background error covariance likely contributes to the
observed degradation in performance.

By contrast, neural reparameterization does not rely on an explicit background
covariance; instead, it leverages implicit regularization effects such as spectral bias.
Consequently, one would expect reduced sensitivity to the weak-constraint setting.
To isolate this effect from optimization artifacts, we conducted a controlled compar-
ison using double precision arithmetic and the limited-memory Broyden-Fletcher—
Goldfarb-Shanno (L-BFGS) optimizer [39]. The results, reported in Table 3, confirm
this hypothesis. While CVT exhibits approximately a twofold increase in error un-
der the weak formulation (1.39 x 107! — 3.24 x 1071), neural reparameterization
shows the opposite trend: the weak-neural variant achieves lower error than its clas-
sical counterpart (2.20 x 1071 — 1.81 x 1071). These results support the view that

3From a statistical learning perspective, the opposite trends in cost and error indicate the pos-
sibility of overfitting due to the increased number of free variables. We have tried to impose larger
penalty weights on the physics constraint term of (5.1), yet there was no improvement in the accuracy.



12 JAEMIN OH

method ‘
CVT (10%) 531 1.25E-6 1.39E-1

time cost error

weak- CVT (10%) | 60  4.62E-7 3.24E-1

506  2.06E-5 2.20E-1
67  5.68E-7 1.81E-1

neural
weak-neural

Table 3: Comparison of CVT and neural reparameterization under the classical and
weak-constraint formulations, evaluated in double precision with the L-BFGS opti-
mizer to minimize optimization error. While CVT doubles the assimilation error when
moving to the weak formulation (1.39 x 107! — 3.24 x 107!), the neural approach
shows the opposite trend, achieving improved accuracy (2.20 x 10~ — 1.81 x 1071).

neural parameterizations are inherently more robust to the structural limitations of
weak-constraint formulations.

5.5. Effect of the physics-informed loss. A natural question is whether
the performance gains of PINN-4DVAR stem primarily from the zero-shot super-
resolution capability of neural fields [53], rather than from the explicit enforcement
of physical constraints. To disentangle these effects, we compare PINN-4DVAR with
a regression-only baseline,

K
Jregression(g) - Z ||H(U‘Z) - ka27

which fits a neural field solely to the observations and omits the physics-informed loss.

Table 4 reports relative L' errors for both methods across varying levels of ob-
servation noise and sparsity. Under dense, noise-free observations, regression can
achieve competitive accuracy, and in a small number of cases, it marginally outper-
forms PINN-4DVAR. However, as either observation noise or sparsity increases, the
regression baseline deteriorates rapidly, often by more than an order of magnitude.
In contrast, PINN-4DVAR maintains consistently lower errors across nearly all tested
regimes.?

These results indicate that interpolation capability alone is insufficient for reliable
data assimilation in underdetermined or noisy settings. Enforcing physical consistency
through the physics-informed loss substantially improves robustness, stabilizes opti-
mization, and yields accurate reconstructions even when observational information is
limited.

6. Overall comparison. In this section, we provide a collective comparison
between vanilla-4DVAR and its weak and neural variants,” in order to investigate the
accuracy-efficiency trade-off. We first compare the methods in the 2D Kolmogorov
with an increased spatial resolution (2562) to explore how sparsity and noise levels
of observations impact accuracy. Finally, we consider a 3D Taylor—Green vortex,
a computationally demanding benchmark to evaluate computational efficiency and

4For k2 = 42 and o € {0.2,0.25}, the PINN-based initial condition estimates still exhibit better
accuracy in vorticity gradients than the regression baseline (0.9 ~ 1.3 for regression and 0.83 ~ 0.96
for PINN), owing to the physics-informed loss.

5We do not consider JoyT here, since the full background error covariance matrices require more
than 17GB.
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Sparsity k2
22 42 82
0% | (8.73E-2 / 6.9TE-2) (2.98E-1/ 1.88E-1) (7.96E-1 / 3.86E-1)
5% | (5.06E-1 / 2.01E-1) (3.32E-1 / 2.68E-1) (8.00E-1 / 3.97E-1)
10% | (7.01E-1 / 2.86E-1) (3.75E-1 / 3.13E-1) (8.04E-1 / 6.64E-1)
15% | (9.41E-1 / 5.54E-1) (4.20E-1 / 3.55E-1) (8.08E-1 / 4.51E-1)
( ) )
( ) )

20% | (1.17E0 / 6.30E-1) (4.84E-1 / 6.41E-1) (8.55E-1 / 7.11E-1
25% | (1.37E0 / 9.13E-1) (5.51E-1 / 6.91E-1) (8.39E-1 / 5.81E-1

Table 4: Ablation study evaluating the effect of the physics-informed loss. Rows
correspond to noise levels and columns to sparsity levels. Reported values are relative
L' error for (regression / PINN-4DVAR). While regression without physics constraints
performs well under low noise and dense observations, PINN-4DVAR outperforms it
as noise and sparsity increase, except for the two cases.

scalability of the methods. To reduce the impact of rounding-off error, we use double
precision. We use SPINN as the neural field to parameterize either the initial condition
or the entire state. Further hyperparameters are provided in Appendix D.

6.1. 2D Kolmogorov flow on a higher resolution. We consider the same
governing equation as (3.1) and (3.3), but employ 2562 grid points for spatial dis-
cretization.

Accuracy test with varying sparsity. We first investigate the effect of obser-
vation sparsity on the accuracy of the estimated initial states. The sparsity level is
varied from 22 to 322, corresponding to approximately 25% down to 0.1% of the full
state being observed. Table 5 reports the relative L' errors between the ground-truth
initial vorticity and the estimates produced by different methods. As an additional
baseline, we include “interp,” which applies either bicubic or Fourier interpolation
to the observations at ¢ = 0. As expected, reconstruction accuracy degrades as ob-
servations become sparser; however, the rate of degradation varies markedly across
methods. Nevertheless, the neural-parameterized variants consistently achieve lower
errors than both interpolation and vanilla-4DVAR baselines when observations are
sparse, demonstrating enhanced robustness to limited observational coverage.

Accuracy test with varying noise levels. To evaluate robustness against
noise in observations, we compare the methods under additive Gaussian noise N (0, o21) ]
Noise is injected after applying the subsampling operator with sparsity level 322.

Table 6 presents relative L' errors between estimated initial conditions and the
true initial condition, with noisy observation data. Notably, PINN-4DVAR maintains
the lowest reconstruction error across all tested noise levels. In particular, adding
5% noise to observations significantly deteriorates initial estimates from all methods
except for Fourier interpolation, weak-neural, and PINN.

Rollout test. Recall that observations were assimilated over the time interval
[0,0.5].5 In many applications, however, the central objective is the quality of fore-

6We also investigated the sensitivity of the methods to the assimilation window length. Extending
the window from ¢ = 0.5 to ¢ = 1 (with a proportional increase in observations) maintained the
superior performance of the neural method, though PINN-based variants showed slight performance
degradation, likely due to representational capacity limits over longer temporal horizons.
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.. Sparsity k2

it method 42 (6.25%) 82 (1.56%) 162 (0.39%) 322 (0.1%)
interp 5.31E-2 2.70E-1 8.44E-1 1.18E0

bicubic  vanilla 6.74E-2 4.43E-1 2.09E0 2.67E0
weak-vanilla 5.46E-2 5.78E-1 2.80E0 2.46E0
interp 1.36E-3 3.47E-2 2.02E-1 6.07E-1

Fourier wvanilla 1.80E-2 1.01E-1 4.17E-1 1.58E0
weak-vanilla 4.55E-4 3.00E-2 4.59E-1 1.31E0
neural 2.52E-2 7.80E-2 1.56E-1 2.66E-1

N/A weak-neural 1.91E-2 4.08E-2 9.63E-2 3.30E-1
PINN 8.54E-2 8.74E-2 1.56E-1 3.64E-1

Table 5: Relative L' errors between estimated and true initial vorticities under vary-
ing levels of observation sparsity. The init column denotes interpolation schemes for
the initial guess. As expected, the accuracy of the three baselines degrades as observa-
tions become sparser. Neural and weak-nerual methods maintain better performance
overall. PINN-4DVAR achieves competitive accuracy at high sparsity.

. Noise (o)

mit method 5% 0% 15%  20%  25%
interp 1.18E0 1.17E0 1.18E0 1.19E0 1.20E0

bicubic  vanilla 3.93E0 5.70E0 T7.49E0 9.24E0 1.09E1l
weak-vanilla | 2.64E0 2.89E0 3.16E0 3.41E0 3.65E0
interp 6.71E-1 6.75E-1 6.82E-1 6.92E-1 7.06E-1

Fourier wvanilla 3.45E0 5.68E0 7.74E0  9.62E0 1.13E1
weak-vanilla | 1.59E0 2.00E0 2.32E0 2.61E0 2.85E0
neural 1.91E0 5.32E0 1.05E1 5.32E0 1.64E1

N/A weak-neural | 4.45E-1 6.84E-1 9.33E-1 1.11E0 1.31E0
PINN 3.82E-1 4.08E-1 4.44E-1 4.74E-1 4.97E-1

Table 6: Relative L! errors between estimated and true initial vorticities under vary-
ing levels of observation noise, and at a sparsity level 322. The init column denotes
interpolation schemes for the initial guess. PINN-4DVAR consistently achieves the
lowest error across all noise levels, indicating robustness of the physics-informed for-
mulation.

casts generated from the assimilated initial condition. To assess this, we roll out the
estimated initial conditions with the numerical solver up to 7' = 5, which is 10x of
the assimilation horizon.

Figure 5 shows the resulting forecasts. The PINN-4DVAR solution preserves key
vorticity features of the ground-truth state up to ¢ = 2.5, in contrast to the vanilla
method. Remarkably, even a simple neural reparameterization of the initial condition
— without the full physics-informed framework — achieves the best overall accuracy,
underscoring the value of neural parameterization for improving forecast accuracy.

Figure 6 illustrates forecast accuracy through the evolution of relative L' errors
over time. The initial error decay reflects the dissipative nature of the benchmark
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Fig. 5: Rollout test results from assimilated initial conditions. Rows correspond to
time snapshots at ¢t € {0,2.5,5}. The first four columns show forecasts obtained using
different assimilation methods, and the last column shows the ground-truth states.
The vanilla-4DVAR initialization exhibits a spurious high-frequency perturbation that
decays quickly during the forecast, whereas neural reparameterized variants produce
smoother and more stable rollouts. This phenomenon is further examined in the
energy spectrum analysis of Subsection 4.1.

@ vanilla neural € weak-neural ¥ pinn

10[7.(] 4

107['.5 4

Relative L' Error
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0.0 25 5.0

Fig. 6: Relative L' errors during the rollout test. All solver-dependent methods’ errors
decay rapidly once forecasting begins, yielding a more accurate long-term prediction
at the final time. However, such behavior is less prominent in PINN. This reflects the
alignment between 4DVAR and the numerical solver used for forecasting.

problem, where drag and viscosity rapidly damp small perturbations [20]. While the
weak-neural method and neural-4DVAR both achieve lower initial assimilation errors
than PINN-4DVAR (3.30E-1 and 2.66E-1, respectively, vs. 3.64E-1), neural-4DVAR
demonstrates superior accuracy over longer horizons. This is because neural-4DVAR
is optimized using the same numerical solver employed for forecasting, providing a
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Method iterations | time (s) memory (MB)
vanilla (w/o checkpointing) 103 351 17102
vanilla (w/ checkpointing) 103 441 1290
weak-vanilla (w/ checkpointing) 103 106 1666
neural (w/ checkpointing) 103 429 1282
weak-neural (w/ checkpointing) 103 107 1402
PINN 10* 48 2294

Table 7: Wall-clock time and memory usage for optimization. Results highlight
the comparable memory requirements and the significant runtime speedup of PINN-
4DVAR enabled by its parallel-in-time formulation.

structural advantage during rollout. In contrast, PINN-4DVAR enforces governing
dynamics via a physics-informed loss; though this may result in slightly higher short-
term errors, it may offer greater robustness when the forecasting model deviates from
the assimilation model or when observations are sparse.

Computational efficiency. Table 7 reports wall-clock time and memory usage
for 4DVAR methods under the comparison. Despite parameterizing the full spa-
tiotemporal state, the memory requirements of PINN-4DVAR remain comparable to
those of vanilla-4DVAR. Further reductions may be possible using neural compression
techniques [17].

The most notable difference lies in the runtime. vanilla- and neural-4DVAR re-
quire sequential forward and backward passes through time, creating a strong bot-
tleneck that limits scalability, especially on modern parallel hardware. By contrast,
the parallel-in-time formulation of weak-constraint formulations yields approximately
3x to 4x speedup in overall runtime. Moreover, PINN-4DVAR yields an approxi-
mately 8 X speedup in overall runtime. While the advantage of SPINN may diminish
for irregular observation grids, enforcing physical constraints via Lpiyn(f) remains
computationally inexpensive so long as the domain retains a tensor-product structure.

6.2. 3D Taylor—Green vortex. We consider the incompressible Navier—Stokes
equation (3.1a) with f = 0 defined on a three-dimensional periodic domain [0, 27)3.
Appendix B.2 provides details for the numerical solver.

Following [45, section 4.2], we consider p = 1, v = 1/1600, and

ug(z,y, z) = (sin(z) cos(y) cos(z), — cos(x) sin(y) cos(z), 0)

for the initial condition.

For Jpinn, we consider the vorticity form

Ow

(6.1) g +(u-Viw=(w-V)u+rvAw.
A detailed derivation is provided in Appendix G.

We considered 64> Fourier grids for spatial discretization and 83 for observations.
However, initialization with Fourier interpolation reconstructs the initial condition
exactly; we instead consider initialization with a constant vector (0.5,...,0.5) for

Jvanilla-

Results. Table 8 summarizes the results for the three-dimensional Taylor-Green
vortex test. As in the two-dimensional case, minimizing Jyanina and Jyeak-vanilla fails



REPARAMETERIZING 4DVAR WITH NEURAL FIELDS 17

to recover an accurate initial condition, whereas methods based on neural parameter-
ization successfully approximate the ground truth.

Notably, the computational speedup achieved by transitioning from the strong-
constraint objective Jyanina to the weak-constraint formulation Jyeak-vanilla 1S less than
2x, in contrast to the > 4x speedup observed in the two-dimensional experiments.
This reduced gain can be attributed to the substantially higher cost of spatial op-
erators in three dimensions, which dominate the overall runtime and limit the effec-
tiveness of parallel-in-time optimization. In this regime, alleviating temporal depen-
dencies provides only a marginal benefit once the computational bottleneck shifts to
spatial operators. In contrast, the PINN-based approach achieves comparable recon-
struction accuracy in only 9 seconds. This highlights the advantage of full spatiotem-
poral neural parameterization, which bypasses explicit time stepping and expensive
spatial discretization, yielding more favorable scaling behavior in three-dimensional
settings.

method cost error | time (s) memory (MB)
vanilla 1.48E-2  3.07E0 381 17284
weak-vanilla | 6.12E-2  3.04E0 210 18070
neural 3.82E-4 1.39E-1 379 17300
weak-neural | 7.54E-4 1.86E-1 211 17560
PINN 2.90E-3 2.68E-1 10 3722
PINN (10%) | 1.64E-4 7.66E-2 | 102 3722

Table 8: Test results for the 3D Taylor—Green vortex.

7. Conclusion. In this work, we introduced a neural field-based parameteriza-
tion for 4ADVAR and demonstrated its effectiveness on both two- and three-dimensional
Navier—Stokes equations. Our results indicate that neural parameterizations act as an
implicit regularization of the optimization, achieving performance competitive with
classical control variable transforms based on background error covariance matrices.
We also explored an alternative strategy for imposing physical constraints through
physics-informed formulations. Taken together, these results suggest that neural pa-
rameterizations have the potential to improve both the accuracy and computational
efficiency of classical 4DVAR formulations. More broadly, neural parameterizations of
4DVAR provide a promising foundation for hybrid approaches that combine the the-
oretical rigor of variational data assimilation with the flexibility of modern machine
learning, particularly in the context of operational numerical weather prediction.

Several important research directions remain open. Extending the proposed
framework to more realistic and operationally relevant settings — including the as-
similation of satellite observations, globe-like geometries, explicit treatment of model
uncertainty, and coupling with oceanic or land-surface models — will be essential for
practical impact. In addition, recent advances in neural field representations and
physics-informed neural networks, such as compact parameterizations [29, 27], offer
promising opportunities to further enhance both the scalability and performance of
neural parameterizations of 4DVAR.

Appendix A. Computing environment and software. All numerical ex-
periments were performed on a single NVIDIA H200 graphics processing unit paired
with an Intel Xeon Platinum 8480C central processing unit.
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All implementations were carried out using JAX [7], which provides automatic
differentiation and just-in-time compilation while adhering to a NumPy-compatible
API [22]. Optimization routines were implemented using optax [15] and jaxopt [4].
For the two-dimensional Kolmogorov flow experiments, we employed the JAX-CFD
package [31], which provides differentiable spectral solvers for incompressible flows.
For the neural field parameterization, we used the original SPINN implementation [11].
All visualizations were generated using Makie.j1 [14].

The code for numerical experiments is available at https://github.com/jaeminoh/
neural-4dvar.

Appendix B. Numerical solvers. This appendix describes the numerical
solvers used throughout this work.

B.1. Two-dimensional Kolmogorov flow. We employed a JAX-based pseudo-ii
spectral solver implemented in the JAX-CFD package [31]. Spatial discretization was
performed using the Fourier collocation method on a uniform grid with resolutions
N2 € {642, 2562}. All spatial derivatives were computed in Fourier space.

The governing equations were solved in vorticity form (3.3). The velocity field
was recovered from the vorticity by solving the Poisson equation

_A’(/} =w,

with the velocity obtained as u = (9y1, —0,%), following [58]. This inversion is
straightforward in Fourier space, where the Laplacian operator is diagonal.

Time integration was carried out using a low-storage Runge-Kutta scheme of
order (5,4) [9], which employs five stages to achieve fourth-order accuracy. Linear
terms were treated implicitly using a Crank—Nicolson scheme [8, Appendix D.3]. The
time step size was constrained by the Courant—Friedrichs—Lewy (CFL) condition [13],

Af < CAQ:7

Urnax

where vpax = 7, C = 0.5, and Ax = 27 /N,. This yields upper bounds of At <
7 x 1073 for N, = 64 and At < 1.75 x 1073 for N, = 256. Since the diffusion term is
treated implicitly, this stability constraint is independent of the viscosity v.

The convergence behavior of the numerical solver is summarized in Figure 7.
Spatial convergence was assessed at a fixed time step At = 10~*, with grid spac-
ings Az € {27/28,...,27/2*}. The results exhibit exponential convergence in space.
Temporal convergence was evaluated at a fixed spatial resolution Az = 27/28, using
time steps At € {1074, 2x 1074, ..., 2 x 1073}. The observed algebraic convergence
rate agrees with the formal order of the time-stepping scheme.

B.2. Three-dimensional Taylor—Green vortex. For the three-dimensional
Taylor—Green vortex considered in subsection 6.2, we implemented a differentiable
pseudo-spectral solver in JAX following the approach described in [45]. The solver
directly advances the velocity—pressure formulation (3.1) using the Fourier collocation
method on a uniform grid with resolution N2> = 643.

Time integration was performed using the classical fourth-order Runge-Kutta
method with a fixed time step At = 1073.

Appendix C. Assimilation tests. Throughout this work, we did not observe
successful reconstructions using the vanilla 4DVAR formulation under the benchmark
settings considered in the main text. To validate the assimilation setup in a simplified
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Fig. 7: Convergence tests of the numerical solver. Log-log plots of relative L' error
versus grid spacing. The left panel shows exponential spatial convergence at a fixed
time step size At = 10~%. The right panel shows algebraic temporal convergence at
the fixed spatial resolution Az = 27 /28.

regime, we therefore examined the two-dimensional Kolmogorov flow at resolution
N2 = 2562, as in subsection 6.1, but with a shorter assimilation window ¢ € [0,1072]
and denser observations corresponding to a sparsity level of 22.

The initial condition was obtained via bicubic interpolation. Under these con-
ditions, optimization using the L-BFGS algorithm successfully converged to the true
initial state, achieving a relative reconstruction error of 2.64 x 1075 (see Figure 8).
This result confirms the correctness of the numerical and assimilation setup in a
regime with sufficient observational coverage and a short assimilation horizon.

As the observation sparsity increased beyond 22, the optimization increasingly
became trapped in local minima, resulting in reconstruction errors on the order of
1072 or larger. This behavior highlights the sensitivity of the vanilla-4DVAR formu-
lation to observation density and further motivates the use of classical control variable
transforms or neural parameterizations explored in the main text.

Appendix D. Optimization and training details. All optimization prob-
lems were solved using the Adam optimizer [30]. A cosine decay learning-rate sched-
ule [41] was employed throughout. For the vanilla- and neural-4DVAR, formulations,
the initial learning rate was set to 1072, while a smaller initial learning rate of 1073
was used for PINN-4DVAR to improve training stability.

D.1. Neural network hyperparameters. Unless otherwise stated, all neural
networks were instantiated with a width of 64 and a depth of 3. For the SPINN
architecture, we used a separation rank R = 128 and five Fourier features. Network
parameters were initialized using the Glorot initialization scheme [21]. The precise
architectural details and implementation follow the original SPINN formulation and
are available in the accompanying open-source repository [11].

D.2. Physics-informed formulation. For the physics-informed loss, spatiotem-Ji
poral collocation points were resampled at each optimization iteration. Time coordi-
nates were drawn from the uniform distribution Uniform[0, 0.5], while spatial coordi-
nates were sampled from Uniform|0, 27] in each spatial dimension.

For the two-dimensional Kolmogorov flow, we used Ny = N, = N, = 128 collo-
cation points. For the three-dimensional incompressible Navier—Stokes equations, we
used Ny = N, = Ny, = N, = 32 collocation points. The data fidelity weight in the
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Fig. 8: Assimilation test results for vanilla-4DVAR. Left: decay of the cost function
during L-BFGS optimization. Center: evolution of the relative L' error, demonstrat-
ing consistency between objective reduction and state recovery. Right: energy spectra
of the assimilated and ground-truth initial conditions. Results are shown for two ob-
servation sparsity levels: (A) 22, for which successful convergence is achieved, and
(B) 42, where the optimization begins to diverge.

physics-informed loss was chosen as Agata = 1/ o2, where ¢ denotes the standard devi-
ation of the observation noise. In the noise-free case (o = 0), we set Agata = 5 X 102 to
prioritize ensuring the neural network fits the experimental data before strictly enforc-
ing governing physics. As presented in Table 9, we empirically found that sufficiently
large Adata @nd Adivergence are essential to guide the optimization process toward the
correct solution.

Adata 5x10° 5x10' 5x102 5x10% 5x10*
error 0.993 0.438 0.389 0.386 0.379

5x 107 5x10° 5x 10 5x10%2 5x103
0.472 0.401 0.393 0.397 0.386

)\divergence
error

Table 9: Relative L' errors for varying penalty weights. The experimental setup is
identical to subsection 5.2.

Appendix E. Comparison with Fourier-based spectral truncation. To
further contextualize the performance of neural reparameterization, we introduce an
additional baseline defined by:

JFouricr,n(uO) = Jvanilla(fﬁ (UO))a

where f, denotes a smoothing operator that subsamples every x-th grid point in
physical space and reconstructs the full field via Fourier interpolation. This opera-
tor effectively imposes a low-pass filter, restricting the solution to lower-wavenumber
components while suppressing high-frequency noise.
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Empirically, setting x = 4 provides the optimal trade-off between regularization
and resolution, achieving a relative L' reconstruction error of 2.78 x 10~!. This per-
formance is nearly on par with the neural reparameterization result (2.73 x 1071),
demonstrating that low-wavenumber constraints alone can provide a significant regu-
larization benefit.

However, a spectral analysis reveals a clear distinction between these approaches.
As illustrated in Figure 9, the Fourier truncation method (x = 4) inherently fails to
recover the high-wavenumber portion of the energy spectrum relative to the ground
truth. In contrast, both the neural reparameterization and CVT approaches suc-
cessfully reconstruct the energy spectrum across a broader range of scales, including
higher-frequency components. These results suggest that while Fourier-based smooth-
ing mimics the noise-suppression aspect of our approach, neural reparameterization
provides a more sophisticated inductive bias. It allows the model to preserve physi-
cally meaningful fine-scale structures that are lost under simple spectral truncation.
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Fig. 9: Comparison of energy spectra for Fourier smoothing, neural reparameteriza-
tion, and CVT methods against the ground truth. The experimental setup is identical
to subsection 4.1.

Appendix F. Hyperparameter sensitivity analysis. Building on the de-
fault configuration described in Appendix D, we examine the sensitivity of neural-
and PINN-4DVAR to key hyperparameters. All experiments were conducted using
the same benchmark configuration as in subsection 6.1. While both methods exhib-
ited robust performance across a wide range of settings, we observed failure cases
when the number of Fourier features was large and the initial learning rate was high.

F.1. Hyperparameter sweep for neural-4DVAR. We performed a hyper-
parameter sweep for neural-4DVAR by varying the network width {2° 26 27} depth
{2,3,4,5}, initial learning rate {1072,1073,10~%}, and the number of Fourier fea-
tures {1,3,5,7}. The results are summarized in Table 10. A notable observation is
the mismatch between objective value reduction and reconstruction accuracy. While
the failure case attains the lowest final cost, it simultaneously produces the largest
reconstruction error. This behavior suggests overfitting to spurious high-frequency
modes, underscoring the importance of balancing representational capacity and opti-
mization stability in neural parameterizations of 4DVAR.

F.2. Hyperparameter sweep for PINN-4DVAR. We conducted a hyper-
parameter sweep for PINN-4DVAR by varying the network width {2%,25 26 27}
depth {2,3,4,5}, initial learning rate {1072,1073,107*}, number of Fourier modes
{1,3,5,7}, and the number of training epochs {102, 5 x 103, 10*}. The top five per-
forming configurations, ranked by reconstruction accuracy, together with two repre-
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width depth  Irg #FF ‘ error cost
128 5 1072 3 3.519E-1 5.962E-6
128 4 102 3 3.749E-1 4.884E-6
Top 5 128 5 10-3 3 3.901E-1 2.728E-5
64 5 102 3 4.042E-1  6.920E-6
64 5 102 3 4.100E-1  7.413E-6
Failure case ‘ 64 5 102 7 ‘ 9.163E-1 4.346E-6

Table 10: Hyperparameter sweep results for neural-4DVAR. #FF denotes the number
of Fourier features. Boldface and underline indicate the best and the second best in
each column. The top five configurations (ranked by accuracy) and the failure case
show that lower error does not necessarily coincide with lower cost.

sentative failure cases, are reported in Table 11.

We observe that large networks are prone to divergence when trained with a high
initial learning rate of 1072 (see Failure cases 1 and 2 in Table 11). In contrast,
smaller learning rates (< 1073) consistently stabilize training and yield relative L'
errors below 0.5. Notably, a compact SPINN architecture with width 16, depth 2, and
five Fourier modes already achieves a relative error below 0.4, indicating that moderate
model capacity is sufficient for this benchmark when combined with physics-informed
regularization.

‘Width depth  Irg #FF  epochs ‘ error

16 2 102 5 10 | 3.641E-1
39 2 103 7 10% 3.606E-1
Top 5 32 3 10—3 7 10% 3.605E-1
32 4 103 3 104 3.585E-1
32 5 1003 5 10 | 3.578E-1
_ 5x 10% | 3.864E-1
—2
Failure case 1 | 128 3 10 7 104 8.146E2
5x10% | 3.826E-1
. 2
Failure case 2 128 4 10 5 104 1.398E2

Table 11: Hyperparameter sweep results for PINN-4DVAR. #FF denotes the number
of Fourier features. The failure cases indicate that too large an initial learning rate
102 causes divergence after 5 x 102 steps.

Appendix G. Derivation of the vorticity form. In this appendix, we derive
the vorticity form of the incompressible Navier—Stokes equations. Starting from the
velocity-pressure form

ou 1o o
E+(u~V)u+;fouV u+f

V-.u=0,
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we take the curl of the momentum equation:

0 1

V x <£+(u-V)u+vp> =V x (vWWu+f).
p

The pressure gradient term vanishes after taking the curl, and introducing the vorticity

w =V X u gives

%‘:JrvX [(u-V)u] =vV?w+V x f.

To simplify the nonlinear term (u - V)u, we use the vector identity
(u-V)u=V(iu?) —uxw.

Taking the curl yields

Vx [(u-V)u] =V x [V(iu]?) —ux w]

= -V x (uxw),
since the curl of a gradient is zero. Expanding the remaining term,
-Vx(uxw)=wV-u)—(w-V)u+ (u-V)w.

By incompressibility (V - u = 0), the term w(V - u) is zero. Collecting terms, the
vorticity equation becomes

0
a—c:+(u~V)w: (w- V)u+ Vi + V x f.

For the two-dimensional Kolmogorov flow, the vortex stretching term (w - V)u
vanishes since the curl is two-dimensional and thus satisfies w - V = 0. The curl of
the Kolmogorov forcing (3.2) is given by

V xf=-0.1w—4cos(4y).

Substituting this expression into the vorticity equation yields (3.3).

For the three-dimensional incompressible Navier—Stokes equations with f = 0,
as considered in subsection 6.2, the vortex stretching term (w - V)u is nonzero in
general. Consequently, the vorticity formulation includes this additional nonlinear
contribution, leading to (6.1).
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